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ABSTRACT: A new kinetic model for deformation of polymers, introduced previously, is employed to study 
the orientational and morphological changes that occur during tensile drawing of high molecular weight 
polyethylene. In the model, the polymer solid is represented by a loose network of entangled chains that 
are tied together through numerous weak (van der Waals) bonds. The latter represent the crystallinity that 
provides the initial stiffness to the material. Upon tensile deformation, these bonds are broken, and the chains 
are deformed and are allowed to slip through entanglements with the help of a Monte Carlo process based 
on the Eyring chemical activation rate theory. The present study focuses on the effect on the deformation 
behavior of the entanglement spacing, which can be experimentally varied by using solution crystallization 
techniques. Calculated stress-strain curves are found to be in excellent agreement with experimental results. 
Apart from quantitatively predicting the stress-strain behavior, the present model also reveals the various 
morphological changes that are observed in tensile deformation of polymers. 

Introduction 
In part 1 of this series, we introduced a new kinetic 

model for tensile deformation of polymer solids.' The 
model was developed to attempt to quantitatively predict 
the complete stressstrain behavior of solid polymer ma- 
terials, including effects of molecular weight distribution, 
temperature, and strain rate, and to forecast the mor- 
phological and orientational phenomena that occur during 
deformation. This ambitious goal evidently requires that 
dynamic events on a molecular level are included in the 
model, such as primary and secondary bond fracture, chain 
extension, slippage of chains through entanglements, etc. 
It is the incorporation of these very complex processes that 
distinguishes the proposed model' from the many existing 
descriptions of polymer deformation. The latter models 
range from descriptions based on principles of fracture 
mechanics to static calculations of stress-strain curves of 
molecular networks and from merely pictorial views to 
accounts of morphological changes on 10-nm level. (For 
an exhaustive overview the reader is referred to the ex- 
cellent text of ref 2). All these models, to our knowledge, 
are incapable of simultaneously providing quantitative 
information on (1) stress-strain behavior, molecular ex- 
tension, chain fracture, and slippage, (2) morphological 
changes that occur during deformation, and (3) the effects 
of testing variables, such as temperature and strain rate. 

In the preceding part l1 we illustrated some of the ca- 
pabilities of the new model in an investigation of the in- 
fluence of chain length on the deformation of semicrys- 
talline linear polyethylene (PE). Here we present a study 
of the important effect of entanglement spacing (i.e., the 
molecular weight between entanglements) on the defor- 
mation of high molecular weight polyethylene. Apart from 
being academically interesting, this effect has become a 
topic of industrial significance with the commercialization 
by DSM/Toyobo and, under licence, Allied Signal Corp. 
of high-performance polyethylene fibers3 (sold under the 
respective trade names Dyneema SK60 and Spectra 
900/ 1000). These fibers are manufactured according to 
a solution spinningldrawing technique, known as "gel" 
spinning, which is founded on control of the entanglement 
spacing through solution processing. 

The Model 
The model for deformation of polymer solids, briefly 

presented in ref 1, is described in more elaborate form 
hereafter. 

The undeformed (semi)crystalline polymer solid is rep- 
resented by a loose network of entangled macromolecules. 
Prior to deformation, the chain strands between the en- 
tanglement loci are coiled and are tied together through 
weak inter- and intramolecular bonds, e.g., van der Waals 
forces. These forces represent the initial stiffness to the 
polymer. This representation of the polymer solid is il- 
lustrated in the schematic of Figure la. The heavy black 
circles in this figure denote the entanglement loci. The 
dotted lines represent the weak attractive (van der Waals) 
bonds connecting sections either of the same chain or of 
different chains. Since the coordination number of an 
entanglement is assumed to be 4, the actual three-di- 
mensional network for convenience has been given a planar 
(x-y) configuration. The y axis is chosen as the direction 
of draw. Periodic boundary conditions are imposed along 
the transverse x axis. 

In the present model, the above polymer solid is further 
simplified as shown in Figure lb.  Here, the details of the 
chain configurations are omitted altogether. The coiled 
chain strands between entanglements are replaced by chain 
vectors denoted by heavy solid lines. Chain strands that 
do not connect two entanglement loci (i.e., chain end 
sections) are indicated by shorter solid lines. In actual 
undeformed solids the chain vectors are randomly oriented 
in three-dimensional space, Le., (cos2 0)  = lI3, where 8 is 
the vector's angle with the draw axis. Accordingly, in our 
two-dimensional lattice representation of Figure l b  we take 
the value 0 = 54.7' for all vector orientations along the 
draw (y) axis.4 The various van der Waals (vdW) bonds 
are replaced by "overall" bonds (dotted lines in Figure lb) 
joining each entanglement point to its neighbors. Only 
overall bonds between the two nearest neighbors are taken 
into account. 

The entanglement lattice in the present work is filled 
in with macromolecules of monodisperse molecular weight 
M .  This is a rather complex operation that is realized as 
follows. For given values of M and Me (the molecular 
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(a )  ( b )  
Figure 1. (a) Dense system of polymer chains. The heavy black 
circles represent entanglement loci, and the dotted lines denote 
the van der Waals bonds. (b) More schematic representation of 
the network in a. The heavy solid lines indicate chain vectors 
between entanglements; chain ends are represented by shorter 
solid lines. Individual vdW bonds have been replaced by ”overall” 
bonds (dotted lines) joining each entanglement to its nearest 
neighbors. 

weight between entanglements) random chains of M I M ,  
strands are constructed by using a step-by-step procedure 
based on examining-at each step-for possible continu- 
ations of the chain in the subsequent steps.5 This proce- 
dure allows to fill in the lattice with macromolecules of a 
length distribution as close as possible to monodisperse. 

This macromolecular network is deformed a t  constant 
temperature and a rate of elongation &. This leads to 
straining of the van der Waals bonds, which are broken, 
according to the Eyring kinetic theory of fracture: at  a rate 

(1) 

In eq 1, 7 is the thermal vibration frequency, U and p are, 
respectively, the activation energy and volume whereas 

U = K €  (2) 
is the local stress. Here, u is the local strain and K is the 
elastic constant of the bond. These vdW bond breakages 
lead to  a release of the chain strands, which are now to 
support the external load. Once broken, vdW bonds are 
assumed not to reform. The present model thus ignores 
the possible influence of the crystalline phase in the de- 
formation process past its initial stage. Experimental 
evidence has accumulated7 that plastic deformation of 
weakly bonded polymer systems is dominated not by 
crystallites but by chain entanglements; this justifies the 
present simplification. 

As the stress on the “freed” chain strands increases, 
slippage through entanglements is assumed to set in at  a 
rate that has the same functional form as that for vdW 
breakings (eq 1) but with different values for the activation 
energy U and volume 8. u now denotes the difference in 
stress in two consecutive chain strands that are separated 
by an entanglement. This stress difference is calculated 
by using the classical treatment of rubber elasticity.s 
According to this theory, the stress on a stretched chain 
strand having a vector length r is given by 

u = 7 exp[-(U - p u ) / k T ]  

u = LvkT L-I(r/nl) (3) 

Here n is the number of statistical chains segmentsg of 
length 1 in a strand. L-’ is the inverse Langevin function, 
and a is a proportionality constant that depends on the 
number N of chain strands per unit volume. Following 
Treloars 
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In accordance with reported experimental data for viscous 
flow of paraffins,1° we assume the average length of a 
hydrocarbon chain capable of a coordinated movement, 
at a rate given by eq 2, is approximately 25 carbon atoms. 
This slippage process leads to a change in the number of 
statistical chain units between entanglements and, occa- 
sionally, to chain disentanglement. If the rate of chain 
slippage is very low, maximum elongation of the chain 
strands between entanglements can be reached, and chain 
fracture occurs at  a local draw ratio X = n1j2. In view of 
the high stresses required for chain rupture and the en- 
suing important retraction of the broken molecular ends, 
fractured chains are assumed not to reform. 

Simulation 
The kinetic model described above is simulated (using 

techniques similar to those employed in our studies of the 
maximum theoretical strength of polymer fibers1’) on an 
(x-y) array of up to 60 X 120 entanglement loci. 

The simulation of the vdW bond breakings is performed 
with the help of a Monte Carlo lottery which breaks a bond 
i according to a probability 

P L  = ui /umax ( 5 )  

where u, is the rate of breakage of the most strained bond 
in the array. After each visit of a bond, the “time” t is 
augmented by l/[u,, n(t)] where n(t) is the total number 
of intact bonds at  time t. As was mentioned above in the 
description of the present model, broken vdW bonds are 
assumed not to reform. 

Simulation of chain slippage through entanglements is 
executed by using a similar technique. Now n(t) denotes 
the total number of entanglements left at  time t. After 
a very small time interval 6 t  has elapsed, the vdW bond 
breaking, chain slippage, and fracture processes are halted, 
and the network is elongated along the y axis by a small 
constant amount that is determined by the rate of elon- 
gation 6. Subsequently, the whole network is relaxed to 
its minimum energy configuration. This relaxation is ex- 
ecuted by using a series of fast computer algorithms, de- 
scribed in ref ll, which steadily reduce the net residual 
force acting on each entanglement point. This leads to 
displacements of the entanglement loci along the x and y 
axes.I2 To save computer time, only displacements along 
the draw axis are explicitly calculated. Distances in the 
transverse x direction are assumed to be contracted ho- 
mogeneously by a factor where X is the overall draw 
ratio along the y axis.13 After these relaxation steps, which 
constitute the most computer-time-consuming processes 
in the simulation, the axial nominal stress a t  one end of 
the network is calculated. The Monte Carlo process of 
bond breakings and chain slippage is then restarted for 
another time interval bt ,  and so on and so forth, until the 
network fails. 

Results and Discussion 
The model has been applied to study the tensile de- 

formation behavior of solid, linear polyethylene. In part 
1 of this series1 we reported on the effect of the molecular 
weight; here, we explore the influence of the entanglement 
spacing at constant molecular weight. Detailed studies on 
the important effects of temperature, rate of deformation, 
molecular weight distribution, etc., will be reported in 
subsequent papers. 

Parameters. The following values of the various pa- 
rameters in the model were employed: 

A statistical chain segment of polyethylene has a mo- 
lecular weight of about 140 and a length of approximately 
1 = 10 A.9 The atomic vibration frequency is taken to be 
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Figure 2. Calculated nominal stress-strain curves for mono- 
disperse linear polyethylene with M = 415 000, at four different 
values, indicated in the graph, of the entanglement spacing factor 
4 (see text). The deformation temperature was 109 "C, and the 
rate of elongation was 500% /min. 

10l2/s, indppendent of the temperature. A rate of elon- 
gation 6 = 5/min was selected. Values for the other pa- 
rameters (eqs 1-4) are as follows: 

vdW Bond Breakage. The elastic modulus K was taken 
to be 4 MPa.l We chose U = 30 kcal/mol, which equals 
the activation energy necessary to break 20-30 vdW bonds. 
Concomitantly, we took p = (26 A)3.1 

Chain Slippage. The number N of chain strands per 
unit volume (eq 4) is given by 

N = P/Me (6) 

where the density p was taken to be 1000 kg/m3. The 
activation energy U = 20 kcal/mol, and the activation 
volume p = (7 A)3.1 The latter value is of the order of 
magnitude of the volume of a statistical chain segment and 
is consistent with the commonly accepted idea (ref 10 and 
note below eq 4) that slippage involves the coordinated 
movement of one to two statistical chain segments, at  most. 

Entanglement Spacing. To systematically examine 
the effect on the deformation behavior of the entanglement 
spacing, i.e., of the number of statistical chain segments 
between entanglements, we introduce the spacing factor 
4 defined as 

4 = (Me/190O)-' (7) 

The numerical scaling factor 1900 is, in fact, the approx- 
imate molecular weight between entanglements in melts 
of linear polyethylene  macromolecule^;'^ it corresponds to 
about 14 statistical chain segments. The selection of the 
spacing factor 4 is, of course, not coincidental. It is 
well-known that entanglements can be spaced apart ex- 
perimentally through dilution of the polymer. The mo- 
lecular weight between entanglements in solution is ap- 
proximately given by the relation 

(Me)soln - (Me)m"'t/f#l (8) 

where 4 is the volume fraction of the p01ymer.l~ In this 
work we, therefore, employed 4 = (Me)melt/(Me)soh as the 
entanglement spacing factor. This choice permitted us to 
readily examine the results of the present calculations 
against experimental data on the deformation behavior of 
solution-crystallized, or "gel-spun", polyethylene. 

Stress-Strain Curves. Figure 2 shows a series of 
nominal stressstrain curves calculated for monodisperse 
polyethylene of M = 475 OOO at five different values of the 
entanglement spacing factor 4 (1,0.1, 0.04,0.02 and 0.004). 
The deformation temperature was taken to  be 109 "C. 
This figure reveals the dramatic effect of the entanglement 
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Figure 3. Experimental stresa-strain curves recorded at 120 "C 
for ultrahi h molecular weight (UHMW) polyethylene films (M, 

solutions of various initial polymer concentrations: 10,2,1, and 
0.5% by volume of the polymer. Prior to deformation, the solvent 
had been removed from these films to reveal only the effect of 
the initial polymer volume fraction and to eliminate possible 
plasticizing effects of the solvent (see ref 7 for further experimental 
details). 
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Figure 4. Calculated maximum draw ratios (strain at break + 
1) plotted versus (the entanglement spacing at de- 
formation temperatures of 109 and 130 "C. 

spacing on the deformation characteristics, notably on the 
postyield strain hardening, and on the strain at  break. At 
decreasing values of 4, the rate of strain hardening, i.e., 
the postyield modulus, rapidly dropped to reach a negative 
value at  4 = 0.004. The strain at  break, on the other hand, 
drastically increased from 4.5 to 45 when 4 decreased from 
1 to 0.02. At  much lower values of 4, e.g., 0.004, the plastic 
deformation leading to high values of the strain a t  break 
no longer occurred as a result of continued strain softening 
and ductile failure was observed. The latter result is, of 
course, due to the fact that a t  4 = 0.004 the molecular 
weight between entanglements is 1900/0.004 = 475 000, 
which equals the molecular weight of the polyethylene in 
the simulation. Accordingly, transfer of applied load, in 
this special case, occurs only from one chain to its nearest 
neighbors through weak vdW bonds, and stress concen- 
trations arising from vdW bond breaks are not distributed 
uniformly throughout the entanglement network. As a 
result, very little deformation occurred and failure was 
highly localized (see also the morphology in Figure 5a). 

The calculated stress-strain curves of Figure 2 show a 
remarkably good accord with those recorded of ultrahigh 
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Figure 5. Typical “morphologies” obtained with the model for the materials of Figure 2 with 6: (a) -0.004; (b) -0.02; (c) -0.1; (d) 
-1. In cases b-d the draw raio X = 2.7. The widths of the “samples” are respectively 3.2, 1.6, 0.7, and 0.2 vm. 

molecular weight (UHMW) polyethylene crystallized from 
solutions of various initial polymer concentrations.’ For 
comparison purposes, these-previously reported- 
experimental results are reprinted in the graph of Figure 
3. This graph displays stress-strain curves, recorded a t  
120 “C of UHMW films (M,  = 1.5 X lo6, M ,  - 2 X lo5) 
derived from the melt and from solutions that contained 
respectively 10,2,1, and 0.5% by volume of the polymer. 
Prior to deformation, the solvent had been removed from 
these films to reveal only the effect of the initial polymer 
volume fraction and to eliminate possible plasticizing ef- 
fects of the solvent (see ref 7 for further experimental 
details). In the same work it was reported that poly- 
ethylene solids produced from a 0.5% solution exhibited 
continued strain-softening, which is in gratifying accord 
with the present calculations. 

The systematic increase of the strain a t  break, or rather 
of the maximum draw ratio A,,, of solution-crystallized 
UHMW PE observed in the experimental study cited 
above was found to obey the simple relation 

This relation finds its origin in the combined dependence 
of the draw ratio on the square root of the number of 
statistical chain segments between entanglements and the 
concentration dependence (eq 8) of the latter (see ref 7). 

Figure 4 shows the calculated maximum draw ratios 
(strain a t  break + 1) plotted versus $-1/2. The perfectly 
linear correlation between A,, and $-1/2 clearly favors this 
-0.5 power law exponent over the recently proposed16 value 
of -0.83, which was derived from swelling equilibrium 
considerations. The slope of the curve in Figure 4 equals 
6.4, which indicates that virtually no removal of entan- 
glements through chain slippage had occurred during the 
deformation a t  109 “C. In the absence of slippage, i.e., in 
the case of affine deformation, this proportionality factor 
has the value of 141/2 X 31/2 = 6.5.’J7J8 In separate studies 
(to be published elsewhere) on the effect of temperature 
on the deformation behavior, it was found that chain 
slippage, which leads to higher values of this factor, be- 
comes exceedingly relevant a t  temperatures in excess of 
115 “C; that is for molecular weights of the order of 
500000. This is, in fact, illustrated in Figure 4, which 
shows the substantially higher maximum draw ratios a t  
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Figure 6. Micrographs of drawn samples of polyethylene films of M, = 1.5 X lo6 and M, - 2 X lo5 crystallized from solutions in 
Decalin and from the melt (see ref 19 for experimental details); these samples were drawn to a macroscopic draw ratio of approximately 
3 at 100 “C. The initial polymer volume fractions were respectively (a) -4 = 0.005; (b) -4 = 0.02; (c) -4 = 0.1; (d) -4 = 1. Prints 
a, b, and d are optical micrographs taken under crossed polarizers (except b), and c is a scanning electron micrograph. The width 
of all strips shown is 0.1 mm. 

a deformation temperature of 130 “C. 
By comparing the experimental data presented in Figure 

3 and the calculated results displayed in Figure 2, it is clear 
that the current model predicts very well the dramatic 
effect of the initial polymer volume fraction on the de- 
formation behavior of UHMW PE, particularly the spec- 
tacular increase of the strain a t  break at  decreasing poly- 
mer concentration. Originally, this effect was explained 
in terms of reduced entanglement densities in solution- 
crystallized polymer  solid^.^ The present calculations, 
which are based on this concept, of course, strongly rein- 
force this hypothesis. In turn, the excellent agreement 
between calculated and measured stress-strain curves 
provides great confidence in the model. 

There are a some differences to be noted between the 
calculated and experimental stress-strain curves. Gen- 
erally, the predicted stress levels are below the experi- 
mentally observed values. This is due to our totally neg- 
lecting the contributions of the crystalline phase to the 
plastic deformation pr0cess.l In our opinion, a more im- 

portant difference is the upswing, or strain hardening, 
found in most of the calculated stress-strain curves prior 
to reaching the strain a t  break. This “upswing” has not 
been observed experimentally, except for melt-crystallized 
UHMW PE. At  this point, it is not clear whether this 
feature is due to the fact that the calculations were carried 
out for monodisperse chain molecules, which is unlike the 
polymer employed in the experiments. An exhaustive 
analysis of the major effects of molecular weight distri- 
bution on the deformation behavior is forthcoming. 

Morphology. It was pointed out in the Introduction 
that the present model also provides schematic 
“morphologies” of the deformed polymer solids by plotting 
the positions of the entanglement loci and the connecting 
chain vectors. Figure 5 shows these morphologies for four 
entanglement spacing factors 4 = 1, 0.1, 0.02, and 0.004, 
at  an “overall” draw ratio of 2.7 (except for 6 = 0.004). 
This figure displays the dramatic effect of the entangle- 
ment spacing on the fractography, the deformation be- 
havior and particularly the necking phenomena. At  the 
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very low value of r$ = 0.004 brittlelike fracture was ob- 
served. At  the higher value of 0.02 a well-defined neck 
appeared, which upon subsequent deformation traveled 
through the entire specimen. For r$ = 1 essentially ho- 
mogeneous deformation was observed, whereas r$ = 0.1 
represents an intermediate case between homogeneous 
deformation and necking. In the latter case multiple 
micronecks were formed. 

It  was already noted above that the morphologies gen- 
erated with the model are unrealistically porous in highly 
deformed regions. And it was explained13 that this is a 
direct consequence of the simplification (to save computer 
time) that the specimen was contracted along the x axis 
by the square root of the overall draw ratio, instead of local 
draw ratio. The latter, of course, may differ widely from 
the overall draw ratio, particularly in materials with a low 
value of 4. This discrepancy is clearly illustrated in Figure 
5b,c. 

For purpose of comparison, micrographs of actual sam- 
ples of solution-crystallized UHMW PE are presented in 
Figure 6. This figure displays photographs of polyethylene 
films of M, = 1.5 X 106 and M,, - 2 X 105 crystallized from 
respectively 0.5,2, and 10% v/v solutions in Decalin and 
from the melt (see ref 19 for experimental details); the 
latter three samples were drawn to a macroscopic draw 
ratio of approximately 3 at 100 “C. The resemblance 
between these micrographs and the “calculated 
morphologies” of Figure 5 is truly remarkable. It illustrates 
that the present model indeed is capable of handling the 
very complex issue of connecting events on molecular level 
to macroscopic properties and features. 
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ABSTRACT Ionic groups attached at wide intervals along nonpolar polymer chains produce strong associating 
interactions in solution. This paper presents a general theory to infer the detailed structure of chain aggregates 
from the experimental data on the solution viscosity of ionomers in nonpolar solvents. In the limit of low 
concentration, equilibrium dimensions of an intramolecular network formed by ionic interaction are estimated 
as a function of x (the solvent-monomer interaction parameter) and e (strength of the bonding energy). For 
higher polymer concentrations, cluster distribution function of intermolecular aggregates is obtained through 
multiple-equilibria conditions. It is shown that their geometrical structure is characterized by two exponents, 
q and u, giving interchain connectivity and fractal dimensionality, respectively. The result is compared with 
the recent experimental measurements on sodium sulfonated polystyrene in cyclohexanone. 

I. Introduction 
Flexible long-chain molecules containing a small fraction 

of strongly associating chemical groups are known to ex- 
hibit several unusual solution properties. For example, the 
incorporation of relatively low levels of ionic groups onto 
the backbone structure of a polymer chain profoundly 
changes the rheological properties of these solutions as 
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compared to its nonionic counterpart. These changes are 
caused to a €arge extent by the formation of intra- and 
intermolecular cross-links due to the mutual association 
of the ionic groups. 

have explored the solu- 
tion viscosity of polymers such as sulfonated polystyrene 
ionomers or ethylene-propylene terpolymers over wide 

Recent experimental 
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